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Abstract. We obtain a global version and a twisted version (in the 
sense of |BP05) 1 of the mam theorem of |BKR,01| . 



1. Introduction 
We work over the field of complex numbers. 

Let X be an irreducible projective variety of dimension n. Assume that 
X has only quotient singularities. According to jVi89j . there is a smooth 
Deligne-Mumford stack X with coarse moduli space A, such that X and X 
are isomorphic in codimension one. Note that A:' is a quotient stack. Let 
t: : X ^ X denote the projection. 

In the case where X = M/G with G a finite group, let Y C G-Hilb(M) 
be the irreducible component of the G-Hilbert scheme of M that contains 
the free orbits. There is a morphism Y ^ X called the Hilbert-Chow 
morphism. The main result of fBKBillj can be stated as follows: Suppose 
that dimY Xx Y < n + 1, then Y is smooth and there is an equivalence of 
derived categories D^{Y) ~ D^{X). 

We study the global version of this problem (that is, X is not necessarily 
of the form M/G as above). Recall that for any Deligne-Mumford stack 
X, etale locally on its coarse moduli space, X is of the form [U /G] with U 
a scheme and G a finite group. It is tempting to obtain a global crepant 
resolution by patching the local ones. This is, however, not obvious at all: 
Suppose that {V^} is an etale cover oi X, Vi xx X ^ [Ui/Gi], and for each 
i there is a crepant resolution : Yi ^ Vi. Then it is not clear that we 
can patch these {1^} together, since crepant resolution in higher dimension 
is not unique. In dimension 3, a global crepant resolution can be built 
from local ones since flops preserve smoothness and two crepant resolutions 
can be connected by a sequence of flops, see Proposition 13.41 below. In 
higher dimensions, this argument doesn't work since flops do not preserve 
smoothness and may not terminate. 
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An observation, which we learned from D. Abramovich, is that a certain 
Hilbert functor studied by Olsson-Starr |()S03| is a good replacement for G- 
Hilbert schemes in the global situation. We denote the scheme representing 
this Hilbert functor by Hilb(A:'). We will only be interested in a particular 
component Hilb'(A') C Hilb(A'): Let U <Z X he the open set of non-stacky 
points in X. There is a natural inclusion U C Hilb(A'). The scheme Hilb'(^) 
is the component which contains U . There is a morphism 

Hilb'(;f) ^ X 

induced by the functor vr,,. 

Theorem 1.1. Assume that dimHilh' {X) Xx Hilb'{X) < n + 1, then the 
normalization (Hilb' (X))"" is smooth and the Fourier-Mukai type transfor- 
mation 

F : D\{Hilh'{X)Y) ^ D\X) 

induced by the structure sheaf of the universal object over (Hilb' (X))'^ is an 
equivalence of derived categories. 

Remark 1.2. Crepant resolutions, if exist, may not be unique. In |BKE,nij 
a particular crepant resolution is constructed as a moduli space. It is ex- 
pected that this is a general phenomenon: every crepant resolution can be 
constructed as a moduli space. This is proved in IHTnK] when X = C^/G 
where G is abelian. We speculate that the same is true for global orbifolds: 
every crepant resolution of a global orbifold can be constructed as a moduli 
space. Some variants of the Quot functor may be helpful. We hope to return 
to this problem in the future. 

Remark 1.3. Consider the case when X has only symplectic quotient sin- 
gularities. If (Hilb'(<Y))" — > X is a crepant resolution, then we have an 
equivalence of derived categories D''{X) L>^((Hilb'(A'))"), cf |Kain5j . 

In |BP05j . a conjectural twisted version of derived McKay correspondence 
is formulated. This conjecture suggests an equivalence between the derived 
category of twisted sheaves on an orbifold and a related derived category of 
twisted sheaves on a crepant resolution. We establish this conjecture in the 
setting of |BKROlj . see Theorem 14.11 

1.1. Differential graded categories. It is known (e.g. |BK9nj ) that the 
derived category D{X) of coherent sheaves can be enriched to a differential 
graded (DG) category which we denote by Lcoh{X). Roughly speaking, 
objects in Lcoh{X) are complexes of sheaves. For two objects A = {A') 
and B = {B'), a morphism cp of degree i between them is a collection {(j)'), 
(j)' : A' ^ B'^^. The space HomDciA, B) of morphisms is a Z-graded 
vector space endowed with a differential dcj) = dB o 4> — (— 1)'0 o dj^. In 
other words, HomoG is a complex. One recovers D{X) by localizing the 
homotopy category of Lcoh{X) with respect to the subcategory of acyclic 
complexes. For more details, see |Ke99j . 
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Here we add a note to the theory of D-equivalence that Fourier-Mukai 
type equivalence can be "hfted" to the level of DG-categories. 

Lemma 1.4. Let F : L^ohi^) ~^ L^ohiX) be a DG functor which induces 
an equivalence of derived categories D{X) — > D{Y). Then F is a quasi- 
equivalence of DG categories. 

Proof. Recall that a quasi-equivalence is a DG functor F : Lcohi^) — > 
Lcoh{Y) such that 

(1) The morphism HomDGi^, B) HorriDGiF^, FB) is a quasi-equivalence 
of complexes; 

(2) F induces an equivalence D{X) —* D{Y) of triangulated categories. 

Hence we only need to show the first condition, i.e. the cohomologies coin- 
cide. In degree zero, this is part of the derived equivalence: 

H°HomDGiA,B) ~ H^HomDG{FA,FB). 

On the other hand, we have 

WHomDG{A,B) = H^HomDG{A,B[i]) 

~ H^HomDG{FA,FB[i]) = W HomDG{F A, FB). 
This completes the proof. □ 

Since pushforward, pullback, and tensor product functors can be lifted 
to DG level, it is clear that a Fourier-Mukai functor comes from a DG 
functor Lcoh{X) LcohiX) which, according to the lemma above, is a 
quasi-equivalence. It's clear from the proof that in this context, having a 
quasi-equivalence at DG level yields no new information. However, the DG 
structure is sometimes necessary: for example, to construct the B-model 
potential of a Calabi-Yau manifold using a recent work of K. Costello |(yofl5j . 

This paper is organized as follows. Several properties of the Quot functors 
we need are established in Section [JJ Theorem II. II is proved in Sectional In 
Section |1] we prove some cases of a conjecture in |BP05j concerning twisted 
derived McKay correspondence. 
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2. Quot functors after Olsson-Starr 

In this section we discuss some properties of Quot functors for Deligne- 
Mumford stacks following Olsson-Starr |()Sn3j . We will focus on the case 
of quotients of Ox- Let Quot{Ox/'^) (respectively Quot{Ox/X)) denote 
the Quot functor associated to the sheaf Ox over X (respectively the sheaf 
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Ox over X). According to |(Tr62j and |()Sfl3j . these two functors are rep- 
resentable by projective schemes which we denote by Q,uot{Ox /^) and 
Quot(C'x/-'^) respectively. 

Definition 2.1. There is a morphism Quot(Ox / ^) Quot{Ox/X) de- 
fined as follows: The exact functor tt^, : Coh[X) — s- Coh{X) yields a nat- 
ural transformation Quot{Ox/X) =^ Quot{Ox/X) of Quot functors. Let 
Quot{Ox / X) Quot{Ox/X) he the induced morphism between the corre- 
sponding schemes. 

Note that X C Quot (Ox Z-'^) is an irreducible component. Let Hilb'(,%') C 
Quot(0;t'/'^) denote the irreducible component containing the preimage of 
Xsm- Restricting the morphism Quot(C';f /A") Quot(C'x/-'^) yields the 
morphism Hilb'(Af) X. Note that Hilb'(Af) is contained in the locus 
Quot^(C';f /A") which parametrizes quotients with Hilbert polynomial 1. 

Lemma 2.2. Assume that X is of the form [M/G] with M quasi-projective 
and G finite. Then Hilh'{X) is isomorphic to the irreducible component of 
G-Hilb(M) containing the free G-orbits. 

Proof. There is a natural morphism Hilb'(^) G-Hilb(M) defined as fol- 
lows: Given an object Z C X x S HiW {X){S). The scheme 

Z y-i^xxs) (M X S) c M X S 
is naturally an 5- family of G-clusters: Clearly the group scheme G x S acts 
fiberwise on Z XxxS {M x S). Also, since MxS^XxS is a principle G- 
bundle, the space ^{O^xx^si^xS)) coincides with the regular representation 
C[G] ® r{Os) oiGxS. Thus this defines an object in G-Hilb(M)(5). 

It is easy to check that this morphism is a closed immersion, as one may 
recover Z C X x S hy taking the stack quotient [Z X;^^s (M x S)/G]. 
Moreover, let G-Hilb(M) ^ X = M/G he the morphism induced from the 
Hilbert-Chow morphism. Then the following diagram commutes: 

Hilb'(;f) ^ G-Hilb(M) 

i / 
X. 

The result follows. □ 

An important property is that Hilb'(A:') behaves well under etale base- 
change on the coarse moduli space. 

Proposition 2.3. Notation as above. Let U ^ X be an etale morphism 
from a scheme U . Then we have 

U XX {Hilb'{X)Y ~ {Hilb'iU XX X))''. 

Proof. To simply the notations, we denote Hilb'(Af) by W , WiVo'iJJ xxX) by 
Wjj. Let W"" be the normalization of W and the normalization of Wu- 
Observe that W xxU and Wjj are birational (both of them are birational 
to U). 
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Consider the universal family Z ^ W of quotient sheaves of Ox (with 
Hilbert polynomial 1), where Z C W x X . Note that Z is indeed a substack 
oiWxx^- Pull back the universal family Z ^ W to the scheme U XxW. 
The resulting family is a family of quotient sheaves of OuxxX with Hilbert 
polynomial 1. Hence, there is a morphism W Xx U Wjj. Note that 
W ^ X and Wjj — > U are projective. The base change of — > X to 
W Xx U U \s also projective. Since W is the fine moduli space (i.e. 
for wi ^ W2 & W, the corresponding quotient sheaves are distinct), and 
U ^ X is quasi-finite, the morphism W Xx U ^ Hilb'(^ U) = Wu 
is also quasi-finite. Since both W xx U and Wu are projective over U, it 
follows that W Xx U ^ Wu is finite. 

Since W"- ^ W is finite, it follows that xxU —* Wu is finite. Since 
W^ Xx U ^ W^ is finite and birational, we conclude by Zariski's main 
theorem that M/'' Xx f/ = M^^- □ 

Consider the universal quotient sheaf Z — > Hilb(Af) and the universal 
quotient sheaf Zu Hilb(;f ) Xx U. Puh back Z to (Hilb(-^))'', denoted by 
Z' . Pull back Zu to U Xx (Hilb(A'))", denoted by Z'jj. It can be seen from 
the proof that the further pull back of Z' to Hilb(C/ Xx X) is isomorphic to 
Z'jj. Lemma 12.21 and Proposition 12.31 implv in particular that in fact those 
G-Hilbert schemes patch together nicely to a global object. 

3. Proof ofO 
In this section we present two proofs of Theorem ll.il 

3.1. Some basic materials. We present several results concerning derived 
categories of coherent sheaves on smooth Deligne-Mumford stacks. 

Proposition 3.1 (Serre functor). Let X be a smooth separated Deligne- 
Mumford stack which has a coarse moduli space X which is a quasi-projective 

Gorenstein variety, whose dualizing sheaf is denoted by tox- Then D^{X) 

L 

has a Serre functor S{ — ) := (— (Si 7r*uJx)[dimX]. 

Proof. Note that S is clearly an equivalence. We need to show that for 
u,v G D^{X) there is a bifunctorial isomorphism 

Hom{u,v) ~ Hom{v,S{u)Y . 

Our argument is parallel to that in |Kaf)2j . Proposition 2.6. First assume 
that w is a locally free sheaf and v is a. sheaf with compact support. We may 
assume that u = Ox by replacing v hy ®v. Now we have 

Hom{u,v[k\) ~ H^{X,v) ~ H^{X,^^v). 

On the other hand, 

Hom{v[klS{u)) ~ Ext'^''^^-^{v,TT*ujx) ^ Ext'^'"'^-''{Tr,v,LOx)- 

Hence Hom{u,v[k]) ~ Hom{v[k], S{u))'^ by the duality for X. 
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If u is a locally free sheaf and it is a sheaf with compact support, then by 
the previous case, we have 

Hom{u,v[k]) ^ Hom{S{u),S{v)[k]) ^ Hom{v[k], S{u)Y . 

The general case follows by taking locally free resolutions. □ 

Note that if X is isomorphic to X in codimension 1, then ■n*uJx — 

L 

as Cartier divisors. In this case the Serre functor is given by S{—) = (— (8> 
ujx)[di'mX\. 

Proposition 3.2 (a spanning class). Let X he a smooth Deligne-Mumford 
stack which has Serre duality. Then the set 

{Oz\2 C X is a closed substack, vr(2) is a point in X} 

is a spanning class of D^{X). 

Proof. This follows from the argument of |Br99j . Example 2.2. □ 

It follows that a Deligne-Mumford stack as in Proposition 13. 1 1 has a span- 
ning class given as above. 

3.2. Reduction to local case: the first proof. Let {Ui} be an etale 
cover of X such that Ui Xx X ~ [Mi/Gi] for some schemes Mj and finite 
groups Gi. Consider the diagram 

X 



X < (Hilb'(A'))", 

and its pullback to Ui 
Xi := U XX X 

Ui < Ui XX (Hiib'(;f))" ~ {Ui XX miW{x)r. 

Note that (Hilb'(;f) Ui)"" ^ {mih'{X xx Ui)Y (Proposition HSJ and 
Hilb'(;f Xx Ui) is already smooth. Let F : L>^((Hilb'(<Y))") ^ D^{X) be a 
Fourier-Mukai type transformation defined by an object £ G D^{]lWb' {X)x x 
X) and Fi : D\Ui Xx (Hilb'(A:))") ^ D\Xi) the Fourier-Mukai type trans- 
formation given by pulling everything back to U. 

Proposition 3.3. Assume that Fi are equivalences of derived categories for 
all i, then so is F. 



Proof. This follows from the argument of |Chfl2j . Proposition 3.2, using the 
spanning class given in Proposition 13.21 □ 
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Proof of Theorem By Lemma 12.21 and Proposition \2.l^\ the functor 

Fi : D'm XX Hilb'(A'))") ^ D\Xi) 

is the Fourier-Mukai type transformation defined by the universal object of 
the Hilbert scheme Gj-Hilb(Mj). Again by Proposition 12.31 Lemma l2.2l and 
IBKRnij . UiXx(Rilh'{X))'' ^ {mih'{X Xx Ui)Y ^ Hilb'(;f XX Ui). By the 
results of |BKROlj . we also know that Fi is an equivalence, Hilb'(r%' Xx Ui) 
is smooth, and Hilb'(A' x x Ui) ^ Ui is a crepant resolution. It follows that 
(Hilb'(A'))" is smooth and (Hilb'(r%'))'^ — > X is a crepant resolution. By 
Proposition 13.31 it follows that F is an equivalence. □ 

3.3. Patching local crepant resolutions. In general, without knowing 
the global space Hilb'(Af), it is not a priori clear the crepant resolutions of 
Ui given by G-Hilbert schemes can be patched to a crepant resolution of X. 
We note that it in fact can be done in dimension 3. 

Proposition 3.4. Let X be a normal Q-factorial projective threefold and 
{Ui} an open cover of X. Suppose that for every i there is a crepant reso- 
lution (f)i : Yi ^ Ui, then there is a crepant resolution (p -.Y ^ X . 

Proof. Consider a relative minimal model f : Y ^ X, where Y is terminal, 
Q-factorial and Ky is /-nef. We only need to prove that Y ^ X is crepant 
and Y is smooth. Note that X has only canonical singularities since local 
crepant resolutions exist. The first part follows since X is canonical and Ky 
is /-nef. To check that Y is smooth we only need to check it locally. Thus 
we consider the restriction f\i/^ : Y\u- — s- U. Both Y\u. U and Yi —i- U 
are relative minimal models of U, so they can be connected by a sequence of 
flops. Since flops in dimension 3 preserve smoothness, the result follows. □ 

Remark 3.5. This argument does not work in higher dimensions, since flops 
may not terminate and may not preserve smoothness. 

3.4. Another proof of ll.ll Instead of using results of IBKROT] . the second 
proof uses their arguments. It is not hard to check that the arguments in 
[BKROlj extends to our case provided Proposition 12.31 and the following: 

(1) the category D''{X) is indecomposable; 

(2) we have the Grothedieck duality for the morphism (Ililb'(A'))" xX ^ 

{miWix))"^; 

(3) we have a Serre functor for D^(A'). 

(1) follows from the argument of |Br99j . Example 3.2, provided we know 
that for any integral closed substack W of X, the sheaf Ow> is indecomposi- 
ble. This can be seen as follows: Since X is smooth, we have X ~ [M/GLr] 
where GL^ is some general linear group. By assumption X is connected, so 
is X. It follows that M is connected. Let p : M ^ X he the structure mor- 
phism. Then p* : D\X) D^M) is fully faithful, and p*Ow = OyvxxM 
is indecomposible. Hence Ovv is indecomposible. 
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For (2), note that (Hilb'(A'))" x X ^ (Hilb'(A'))" factors as 

(Hiib'(;f))" xx'^ {mh'{x)Y xx ^ {mih'{x))''. 

Also note that (id x tt)^ is exact and has the left and right adjoint {id x vr)*. 
We may conclude by the Grothendick duality for schemes. 
(3) follows from Proposition II 

4. Twisted derived McKay correspondence 

In this section we discuss the twisted version of derived McKay correspon- 
dence proposed in |BP05j . Let X = M/G with M quasi-projective of dimen- 
sion n and G finite and X be the associated stack as discussed above. Also let 
Y be the component of G-Hilbert scheme of M which contains free orbits. 
According to |BKR01j . we have an integral functor $ : D''{Y) —>■ D^{X) 
given by the kernel Oz, which is an equivalence under certain conditions. 
Here Z = [Z/G] and Z CY x M is the universal closed subscheme. 

The authors of |BP05j proposed a twisted version of this equivalence, 
which we recast in our setting as follows: Let Br{Y) be the Brauer group of 
Y. It is shown in BPqII that both Br(Y) and H^{G,C*) can be embedded 
into a larger group, namely Br{Xsm)- Let a G Br{Y) n H'^{G,C*) be a 
class which is r-torsion. It follows that there is an injective homomorphism 
L : Hr ^ C* such that a is in the images of the induced maps H^^iY^ fir) — > 
i?gj(y, C*) and H'^{G,iJ.r) H'^{G,C*). Thus we can associate a /i^-gerbe 
ya over Y and a /Li^-gerbe Xa over X. The a- twisted derived categories 
D^(Y, a) and D'^{X, a) are derived categories of coherent sheaves on and 
Xa whose actions by C* and fir are compatible via i : fir ^ C* (see |Lir)4j ). 
It is conjectured in |BPn5j that there is a equivalence of derived categories 

D\Y,a) D\X,a). 

We prove this conjecture in our situation. Consider the following diagram: 

Xa X ya ya Y 

TTX 

X -i^ X 

Since a G Br{Y) fl H'^{G,C*), it is not hard to check that the integral 
functor ^a defined by the kernel (py xpx)*Oz is a functor between D''{Y, a) 
and D\X,a). 

Theorem 4.1. Assume that dirriY XxY < n + 1, then ^a is an equivalence 
of triangulated categories. 

Proof. According to BKROl , Y is smooth and Y ^ X is a crepant reso- 
lution. It follows that ya and Xa are smooth Deligne-Mumford stacks. In 
view of this, that is an equivalence is a special case of a stack version of 
Bridgeland's result ( |Br99j . Theorem 1.1). It is straightforward (although 
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lengthy) to modify Bridgeland's arguments in |Br99j to prove that $q, is an 

equivalence if and only if 

(4.1) 

ExfxJipY X pxTOz\y„ {PY X PxTOz\y2) = for all i > 0,yi / y2 G 3^^; 

(4.2) {pY X pxTOz\y ^ {pY X PxTOz\y®P*xP*xOJx for all y G y^. 

We simply note that in order for the arguments in |Br99t to work for this, 
we need to have a Serre functor, a spanning class and indecomposability of 
the derived categories, as well as calculations of certain Ext groups. These 
have been settled in Proposition 13.11 13.21 and in Section 13.41 The needed 
calculations of Ext groups follows from those in |BKR,nij . Now the cal- 
culations in [BKRfllj immediately imply (|4.1|) and (|4.2|) . Hence is an 
equivalence. □ 

Remark 4.2. 

(1) It is natural to ask for a global version of the conjecture in fBPOSJ. 
One expects that the work of IBP05I can be generalized to give such a 
conjecture. Our work should be helpful in proving such a conjecture 
on global twisted derived McKay correspondence. 

(2) Consider the following situation: X = M/G as above, X = [M/G] 
is the Deligne-Mumford stack as before, and y ^ X be a crepant 
resolution. Suppose that there is an equivalence of derived categories 
D^{Y) ~ D^{X). It is known that such an equivalence is a Fourier- 
Mukai transform given by an integral kernel £ G D^{Y xX). If if is a 
sheaf oxiY xX, then our arguments can be modified to show that for 
a £ Br{Y)nH^{G, C*), the integral functor given by the pullback of 
£ to the associated gerbe yields an equivalence D^{Y, a) ~ D^{X, a). 
It is interesting to understand whether this is the case or not, if £ is 
not a sheaf. 
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